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NATIONAL ADVISORY COMMITTEEZ FOR AZRONAUTICS

ADVANCE RESTRICTED REPCRT

PROPELLERS IN YAW

By Eerbert S, Ribner
SUMMARY

It was realized ac early s 1909 let & provelier in
vaw develops & side force liue t:a of a fin, In 1917,
R. G. Harris expresced this fcrce in terme of the jorgue
coefficient for the unyawed propfl“er. Of several ct-
tempts to express t“e sice f'orece 7 rsctly in terms of the
shape of the blades, hovevsr, nons has heen OOmPlU aly
satisfactory. An hﬂ&l’"iu tr~t incorporates induction
effects not adequs ‘oly coversd in »reviosus work and that
gilves good agresmant with cxperiment 'er & wids rangs of
operatlng conditiong 1s wressnbs:
analysis shiows that the {in uaa‘"
the form of the side-force ¢Xpros

. €
av pe axtsndad to
t
*

tive £in arca may bs taten as the prrojeclied side a
the proneller. Ths CLLLCUqu z?n et ruT 0 ig of tne
order of & and the approrpria d.rnariic pragsure is roughly
tnat at the propellcr dlsk ag "uxw nted by the inflcw,
The variation cf the inflow veloclity, fcr a Tixmed-pliten
-+ o A

propeller, acccunts for most of the varlation of sids
force with advance-diamoter ratio V/nD.

Tre propellar forces due 1o an angular velocity of
plitch are also anaJv ad and are ,AﬂJP %o be very small
for the pitchiny velocities that mey actually e reslirzea
in maneuvers, with the exception of uhe spin,

Further dui¢ isns are: A dual-rotating propeller
()
in yaw d@V810pu up to one-third more side force taanh a

single-rotating proneller. A yawed gingle-rctating
propeller e xpe“ﬂeﬁoe a pitching momsnt in additlon to
the side force. Tre pitching momert is of the order of
the moment produced by a force equal to the gide force,
acting at the end of a lever arm soual to the propeller
radius, This cross-coupling betwesn pltch and yaw 1s
small, but possibly not nec 11g¢016
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A correction to the side force for compressibility
is inecluded.

INTRODUCTION

The effect of vpower on the stability and control of
alrcraft is becoming of greater importance with incresse
in engine output and propeller =solidi ty. An important
part of this effect is due to the aerodynamic forces
gxperienced by the prcepeller under any deviation from
unlform flight perallel to the thrust axis, The remaining
pert 1Is due to the interferencs between the nropeller
slipstream and the other narts of the airplane structurs.

A nurber of workers have considered the forces ex-
perienc=sd by the propellsar. Tt was pointed ocut in 1909
(referencs 1), aprarently by Lanchester, that a propeller
in yaw develeopns a considerable side forcs. The basic
gnalysis was published in 1918 by R. G. Harris (referenced),
who showed that a »itiching moment arises as well. CGlavert
(references 3 and 4) extended the method to derives the
other stability derivatives of & vpropeller.

Harris and Glauert expressed the forces and moments
in terms of the thrust and torgue coefficlents for the
unyawed propeller, which were presumably to be obtained
exverimentally. The analyses did neot take into account
certein induztion effects analogous te the downwash as-
sociated with & finlite wing. It is noteworthy that with
a serlempirical factor the Harris equation for side force
doez give good sgreement with experiment (see referernce 5).
Pistolesi (refersnce 6) in 1920 considered the induction
effects but his trsatment was restricted to an idealizad
particular case. Ylingemann and Weinig (reference 7)
in 1938 published an analysis neglecting the induction
effectg; the treatment appears almost identical with the
azcount given in 1935 by Glauert in reference L.

There have been saveral notable attempts to express
the side force directly in terms of the shanc of the
bl ades. rairstow (reference &) presented a detailed
analyzis in 1919 that neglected the induction effects.
igztal (referenze 9) published sn investigation in 1932
that did not have this limitation and that i1s prohably
the mnat accurat: up to *the pressant. Misztalts result,
howsvar, 1s In a very cormnlex form from ths point of view
of both practical commutation and physicsl interpretation;
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there is, 1n addition, an insccuracy in the omission of
the effects of the additional anparent-mass of the asir
disturbed by the sidewash of the slinvnstrean.

Very recently Numph, White, and Grumman {refesrencs 10)
publiched en anelysis that relstes the slde force directly
to the plan form in a very simple manner. Heferencc 10,
howsver, (1) does not include the ordinary Iinflow in the
analysis and (2) zonlies ursteady-1lift theory in an im-
proper manrer to account for the induction effects. As

consedquence of (1), the equations ore badly in srr
high slinstream veloclitias, As & aonsadguencg:s of (a
SEy
d

=
m
el

the equaticns fall to gredict the substantial inecr

-£': uJ ~ O

1 (D

in side forece that erporimernt chows |
rotation, The inproper use of unstoady-131ft theory
sisted in using formulas trat wroly :
finite z2irfoll with sn essentiell y
vortex loops shed by ths finlte szirf
the interfcrsnce flow, ar: dlstribut=
linear wake. The “OPT:S)ODiLug vorte
propgllsp blade in vaw, howecvsr, lic¢
path traversed by the blsale. The inte
guite different from the flow fcor the
linear walke, Tn fast, 1t can be zhown
loons shed during the unsteady 117t a1
such & way as to oroduce an inflcw ant
entisymmetry l1s one of the two inducsti
will be deduced in the oprssent : i
considerations.
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the effective aspect ratio is of the order of 8. This
equivalent fin area may, with small error, be regarded
as situated in the inflow at the oropeller disk and
subject to the corresponding augmented dynamic pressure.
The variation with V/nD of the dynamic pressure at the
nropeller disk, for a fixed-pitch propeller, therefore
sccounts for most of the variation of side force with
V/nD.

SYMBOLS

The formulas of the present report refer to a system
of body axes. Por single-rotating propellers, the origin
is at the intersection of the axls of rotation and the
plane of rotation; for dual-rotating propellers, the
origin is on the axls of rotation halfway belween the
planes of rotation of the front and rear propellers. The
X=axis is econincident with the axis of rotation and directed
Torward; the Y-axis 13 cdirected to the right and the
Z-axis is directed downwsrd. The symools are defin=sd as
follows:

D propeller diameter

St disk area (TTDE/LL)

S wing area

R tip radius

r radius to any blade element

r, rminimum radius at which shank blade sections

develop 1ift {Taken as O,2R)

x  fraction of tip redius (r/R)

Xq value of x corresponding to r, .. {7, /R)
> ratio of spinner radius to tin radius

B number of hladees

b blade section chord

c wing reference chord
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o relative blade section chord or :
B.758  (®/P)ox

D/o.75R
L

c solidity &t O.75R -+ o!
297

N\

v free-streum veloslty

/ / { ‘T ’
/l + -‘-—_:'-"- - .1
inflow factor 6' B .

a iy In sooendix 3,
N 2 /
goeed of sound in free ctrooo
a, normal acceleresetion
acceleration »f gravity
. R i g
Vg axiel velocity at oronelier diek {V(L + &)}
Ve veloclty comoonent in direction of cecreasing 9
of relative wind e element (Zr - slin-
stream rotstional velocwty)

VS gslinstream veloclty far behind propellsr (In
practice, 1 diam. or unre) [V(1 + 2a)]
1wl .
of free-stream dynsmic »nrassure ~gpye) s also, angular
2

velosity of piteching
£ (#) function defined in eguation (1)

t (¢} function definei in equation [2)
1 . ( \
/

. . 2l
. 1+ g@) + {1 + 22)°
{a) g=Tzctor !\1 + a) - |
I 1+ (1 + 2a)¢ |
;\
fn

i)
1+ {1 + da)2

n - revolutions ner second
J advance-diamster ratio  (V/nd)

B blade angle to refersnce chord



Bo blede angle to zero-lift chord
6 engle of blade relative to Y-axis measured in
direction of rotation
] effective helix angle including inflow and
1 Ja
rotation tan™" —
Vg
4 angle of yaw, radians
a sffective angle of attack of blade element (B, - ¢)
€ engle of sidewash in slipstream far behind propeller
€! nominal induced angle of sidewash at propeller
éisk
! effective average induced angle of sidewash at

propeller disk

vy sidewssh veloclty far benind propeller'

CL airplone 1If't coefficient

¢, bl ade séction 1ift coefficient

Cdo blade cection profile-drag coefficient

c, slo?e of blades section 1lift curve, per radian
a (de,/da- averuge value teken as 0.95 x 2m)

ar ferce component cn a blade element in difection

of decreessing 9 (See fig. 1.)

T thrust

T, thrust coefficient (1/evenP)

Crp thrust coefficient (I/anLL)

Q torcue

Q. torque coefficient (Q/pVEDﬁ

W weight of alrnlane

X, Y,Z forces directed along positive directions of X-,
Y-, and Z-axes, respectively



L,M,N moments &bout X-, Y-, and Z-axes, raespectively,
in sense of right-handed screv' in eopendix B
snd figurz 9, ¥ refers to the free-stream Vach

nunbher
Me effecti Mach number for propeller side force
(See pnndjx B, )
A', B, CT, D! functions defined in equations (/1)
gt, bt, ct, At in/rhfa s defined by eguations (21) &and
{20

’]

l,b2 intcgrale doii

. . - . - oXis
Il side-area index defined by equation (L1) 5= al
I
/=
I integral defined by eguation (L2) {<— b
2 ‘ \hoo1
21
T integral defined ny eguation (13) (%— d’)
3 : \bL
Lt defined by equation (24} (Zero for dual-rotating

pronellers)

s 2 [ . . 2
A defin=d by equetion (Ll (Zero for dual-rctating
propellers)
n defined by zguation (L)
Kk, correction factor defined by egusation {32)
kg sidewash factor definsd by equsition {(3%)
< £
kg spinner factor defined by syustion (3%6)
K onstant in eguation for k,
1)] 9]
s ~ ® o)
Cqr! gide~force cosfficient ———— 0T = Y
¥ ) wote
\ SFVTS!
Pl
L % S\
c ! pitching-rmoment coefficient — or — M}
m l :: ’rr A
\ Sevems /
=
Cyf side-force derivative with rz2szvect To Faw (éC Uﬁﬁh
Y g - Y /



Chm' pitching-moment derivative with respect to yaw
N /5r~ '/éV)
CY' side-force derivative with respect to nitching
q o0y
5 (AR\
2v/
Cm'q nitching-moment deglvative with respect to
1 "éﬁ ,
piltching

|5<2V>

SD vrojected side area of proneller (See footnote 1.)
A asnect ratio
Subscripts:
0.75R  measured at 0.75R station (x = 0.75)
2 2
c divided by @VeD~ 4if a force, by PVEDS If & moments
designates quantities corrected for compres-
2ibllity in appendix B and figure 9

e effective

k index that takes the values 1 to B to designate
a particular propeller blade

max maximum
stall at stall

A bar over a symbol denotes effective average value.

ANATLYSTS
Prconeller in Steady Axial Flight

The section shown in figure 1 is part of a right-
hand propeller blade moving to the right and advancing
upward. The components of the relative wind are Vg

and Ve, where Va is the axial velocity including the
inflow and Vg is the rotational velocity including the
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slinstream rotation. The force component in the direc-

tion of decreasing 6 1is:
dF = 4L sin ¢ + 4D cos .
. Is
¢y sin @ + oy, cos 7

sin® ¢f

-—.,; 2’-!4' N lf’-"
= £v,%0 ar [1, (7)) (1)

and the countribution to the thrust is

ar

"
ot
o]
s
n

=y

1
o
]
QD
[ Y
o
=

1
L—'\
-
S,
k)
Q
o~
']
»
n
N
i
o
OJ
'J
je]
l_.J’
3
Nl

= SV b dr | tlf,h’ i (2
Ut
. . s e s g
The eguat!ons muy bs dlviced by (VDT to reduce
the terms to nondimensional TCorm. Tnasmach as Vg =V{l+a),

there resulte

(1 + 2)2 b

where
3T
SiI cl
SN
FI=DE
ar z
wTc :
and
T
b
R
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Propeller under Altered Flight Conditions

Force commonents on blade element.- In equations (1)
and (2) for dF and 4T, V, occurs explicitly in the
factor Vad and 1mplicitly in ¢ and in terms depending
on &3 V9 occurs only implicitly in ¢ and in terms

-1V
devending on # . The relationship is @& = tan 1 —&,

A
which can be seen in figure 1. By partial differentia-
tion, therefore, the increments in dF and dT due to
any smell changes whatsoever in Ve and V, are, for
fixed blade angle,

slap) = QAR oF [exdF) , Aam) ég} av,

of v 0 dV, 08 ov,
end a similar expression for &(4T). The substitution
of equations (1) and (2) gives, when put in nondimensional
form, ~
- ~
8(dF )= ——— — dx | dv, ~= dV
c by D 6 c‘>v 67! bv oy
- 5 ) ﬁ > (3)
{1+ a) b 62 1 1 _*g
6(aT,) = ——— = dx | dV —= 4 A4V
(aT¢) = N D 8 ovy o & c‘>v ég
L. 4
The following abbreviations are helpful:
~
At _Z °h )
v e ¥
Ve Vg c‘>v oF
AN
__'_ _ 69( 6t1 V4 (,—L)
Vg oV, 0%

H

n
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where fl and tl are delined in equations (1) and (2),
respectively. Equations (%) become
\
N 2 . av
N ~ (1 + 2)° /b 5 av,
\ 6(dF,) = —=——=- K“ At —= 4+ B! — judx
| '\D \ V a Va
O0.75R
N e
5 . ] 7 (5)
. (L + a)" /b 4 Vg AV
6(aT,) =~ L = o + Dt f;— wdx
“/0.T5R. a a
5 y
whers all the factors are nondimensional.

Fecroes and moments erperienced by complete proneller.-
rquations () give the componsnt-force increments due to
altered flight conditions on an elesment of a singleblade,divided
by szDz. Tne forse and moment Increments experienced
0y the commlete proweller of B Dblades, with respect to
the body axes shown in filgure 2, may be written as

T'orgcss

Y - T = / &5(4d 6
%Ew To o )
k=B Rk

= N / ! ot
Y 2/ &(ar), sin o, (7)
k=1 0
k=3 R
z= 2 u/n o{ar), cos 9, (&)
k=1 "To ) )
Momentss:
L= (-g) =-> J/" ro(AF)y, (9)
=1 Y7o ‘
k=] 3
SR .
M= g 7 rd(dT)y sin 8 (10)
‘E;“ (/PO :
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N=- <é b/ﬁ ré(dT)k cos ek (11)
k=1"To

where the subscript k refers to the kth propeller
blade. In order to obtain the nondimensional form X,

¥, 2, and T are divided by fVSD® to give X, Yo, 2
and Tc and L, M, N, and Q@ are divided by pV2D5 to

give L, ¥, N, and Q- In the equations (6) to (11),

c’

S(dF)k becomes 5(ch)k, 5(dT)k becomes 5(ch)k, and
The limits of integration become

el
-

- .0

r Dbecomnes =2
. D 2 .
X, to 1, where x

—

R .

Stability derivetives of propeller.- The analysis

up to this point has been of a genersl nature iIn that the
formulas are applicable, for -a fixed-pitch propeller, to
any type of deviation from steady axial advance - thsat

is, the formulas may be used to calculate all the stability
derivatives of a fixed-pitch propeller., In addition, the
forrulas are applicable to those stability derivatives of

a constante-speed propeller that are not associated with
changes in blade angle. This restriction could be re-
moved, however, by exten ding the analysis at the outsst

to includs a term in df,

A particular stability derivative can be obtained
by determining and substituting in equations (5) the
values of d%a/v and dV,/V, appropriate to the

motion under consideration. For dual-rotating propellers
equations ) must beset up independently for both propeller
sections with signs appropriate to the respective direc-
tions of rotation.  Values of avy/V, and dv,/V_ that
are average for both sections are used for each sectlon.
Note that dVy 1s the change in the component of the
effective relative wind acting on a blade in its plane

of rotstion and d4Vy must therefore include the effect

of any changes induced by the motion in the rotationsal
speed of the propeller relative to the airplane.
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The possible unaccelerated motions of a propeller
comprise flight (1) at a steady angle of yaw, (2) at a
steady sngle of »nitch, (3) with an angular veloclty of
yaw, (1) with an angular velocity of pitch, (5) with an
angular velocity of roll, {6) with an increment in for-
ward speed, and any combination of these. It is clear
from the symmetry of the propeller that motions (1) and
(2) are similar and motions (3) and (L) are similar.
Accordingly, of the six possible deviations of a pro-
peller from a gliven mode of steady axial advance, only
four are distinct. These four may be taken as angle
of yaw V¥, angular velocity of pitch q, angular veloc-
ity of roll, and increment in forward velocity.

: Glauvert has shown in reference 3 that neither yawed
flight nor flight with an angular velocity of pitch,
when these disturbances are small, changes the torque on
the propeller. Accordingly, neither mode will tend to
change the rotational veloclity, and derivatives with re-~
spect to yaw or angular velocity of pitch are independent
of the rate of chenge of engine torque with engline revolu-
tions. Furthermore, results for these derivatives ob-
tained for a fixed-»itch propeller are egually applicable
to a constant-speed nropsller because the constant-speed
mechanism is not brought into operation.

Both angular velocity of roll and increment in for-
ward velocity clearly affect the torque of the propeller.
The engine will attempt to alter its revolutions to attain
an equilibrium value. If the propeller has fixed pitch,
the adjustment will take place and its amount will depend
upon the law of variation of engine torque with engine
revolutions for the particular engine used. (See refer-
ence 3.) If the propeller 1is of the constant-speed type,
the pitch-change mechanism will attempt to alter the blade
pltch; the resulting change in aerodynamic torque opposes
the change in revolutions. The fluctuations in rotational
snzed and the associated variations in serodynamic torque
and thrust of the propeller are then functionally related
to the law of control of the pitch-change mechanism and
the dynamics of its operation. (See reference 11.)

The present report will be limited to a study of the
effects of yaw and of angular velocity of pitch. In the
following sections dVe/Va and dv_/V, are evaluated

for yawed motion,
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Propeller in Yaw

Ratio dVe/Va for yawed motion.- The increment dvy

is the component parallel to Vg of a side-wind velocity
computed as follows: The velocity Vz; 1is regarded by
analogy with wing theory as vassing through the propeller
disk at an angle VY - €' to the axis, where ¥ 1is the
angle of yaw and ¢ may be termed the "induced sidewash
engle™ (fig. 2).  The side-wind velocity, for small
values of both V¥ and €', is accordingly Vg (¥ - €').

The sidewssh arises from the cross-wind forcés.
These forces are the cross-wind component of the thrust
T sin ¥ and of the side force known to be produced by
yaw Y cos V. (see fig. 3.) The analysis 1s restricted
to small V; these components are then approximately TV
and Y.

If the slidewash velocity far behind the propeller
is vy, the induced sidewash st the propeller may be

tawen as vy/z by analopry with the relation between the

induced downwash at a finite wing and the downwash far
behind the wing. Fote that 1 diaméter may be considered
"far" behind the nropeller as regards the axial slip-
stream velozity; 95 percent of the final inflow velocity
is attained at this distance.

As a first anproximetion, thrust and side force are
assumed to be uniformly distributed over the propeller
disk; corr=zctions due to the actual distrioutions are
investigated in appendix A. Under this assumption the
momentin theory, sunported qualitatively by vortex con-
siderations, shows that the slipstream is deflected side-

wise as a rigid cylinder. The sidewise motion induces
a flow of air around the slipstream as in figure L. The

trensverse momentum of this flow is, according to Munk
(reference 12), equsl to the transverse momentum of an-
other cylinder of air having the same diasmeter as the
'slipstream at all points and moving sidewise with the
same velocity as the slipstream boundary. Note that the
alr within the slipstream has a gresater sidewise com-
ponent of wvelocity than does the slinstream boundeary.
Far back of thes propeller the ratio is ?f =1 + 2a.
The time rate of change of the transverse momentum of
the air flowing at free-stream velocity through this
second cylinder should be included in setting up the
momentum relations for the sidewash.
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By eguaating the
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cross-wind force to the total time

rate of change of momentum,

Ty + Y = gV, =
4

to the first order in

-——'V

/Yé wDa v \

Vv, where the first term on the

right is tune cqnfrlbuflon of the slinstream and the
csecond term is the contribution of the air displaced by

the sligpstream.

On dividing by

VD and using the
=v(1 + 2a),

(12)

relations V, = V(1 + &) and Vg
2
v./2 ) (T + Y,
i r 1
& (1 + 2)° }1 + —— ]
i \

vhere €' 1s the Iinduced angle of sidewash at the pro-

peller.
value et small wvalues
of the ainr

Glauert (reference li) deduces almost twics this

of a. by neglecting the reaction

CGilsplaced Ly the slipstreoam.

Tt wae shovn earlier thst the effective side wind
in the vlane of the propeller is V_(V - £) and dV@

is the -component narallel to

. = v_{
avy g (W
The value of ¢!
end the relation é T,
theory, may be used to

where
+

(=)

from

Ve’ tht:lb :LS’

- €) sin 8

(13)

equation (12) may be introduced
= a{l + a), from simple momentum

eliminate T There results

I

a) t(l + a) + (1 + 2a)%}

. (1L)
1+ (1 + 2a)
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and

. L
£ (e) = 2(1 + 2a)

- (15)
1 1+ (1 + 2a)° ’

Ratio dVa/Va for yawed motion.- As V, = V(1 + a)

for unyawed motion, tlie changes produced by yaw are

avy _ av da .. _aa

v, v " T+a "1T+a

(16)

2
if 4v/v, which is -cos ¢ - 1 %r, is neglected as
being of the second order in V.

In order to evaluate da, figure 2 is first con-

sidered. The comoonent of the effective side wind in
the direction opposite to the blade rotation is
dvg = Vg(¥ - €') sin 6. This component acts. to increase

the relative wind at tlie blade, and therefore the thrust,
in gquadrants 1 ard 231t acts to decrease the relative
wind, znd therefore the thrust, in quadrants 3 and L.
More exaclly, the change in thrust due to the side wind
is distributed sinusoidally in 6. Tt is clear that
this incremental thrust distribution by its antisymmetry
produces 2 pltching moment,

Yomentum considerations require an increase in in-
flow in gquadrants 1 and 2, where the thrust l1s increased,
and a fecrease in inflow Iin quadrants 3 and L, where the
thrust 15 decreased. The variation should be sinuscidal
in 8, and the assumption that the variation is directly
proportional to the radius is sufficiently accurate for
computing the effect on the side force. Such & represen-
tation is illustrated in figure 5. The analytical ex-
pression is '

dv = YJda

1

kr sin 9 (17)

where % 1is a constant {c be determined. Anplying the
momentum theory to evaluate the pitching moment M in
terms of the inflow modifications produced by the pitching
moment gives
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ok 2T
M =L/ ‘/f v r dg dr r sin 8 (2 dv)
o Jo

By substitution of the relation for dv,

- aR 2w
_ ' 3 2 - A
M= 2k pVa‘/Pt/ r- sin=§ dg.4dr
o Vo

TUpon integration,
1AV

N
|

(1L + a)mwR

whers

W

e —

but, by eguations (16) and (17),

V'a 1 + a
Zr sin 8
= n /(1 + a)
Y
or
Cnr . h
dVa N lohcx ain 6 . .
T 2 (18)
Vg (L + aY~
where
N 4
* TR

Summation over blade index k.- The component-velocity
increments due to yaw have been obtalined in the preceding two
gsections as

dVe 1 | Y N .
—- = — | f(a) = fl(a) 7% gin ek (134a)
V a ( 1 + a) = . — g '
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av /16 %
8 - L C) sin 8 (18)

Ve (14 @)\ T

where the subscript % has been added to refer to con-

ditions at the Itth propeller blade. These values of

clVG/V&1 and dV,/V, way be substituted in equaticns (5)
to yield values of é(ch) and 5(dT,). The valuss of
6(dF,) and &(AdT,) thus found may be inserted in equa-
tions (%) to (11), which give the several forces and mo-
ments the prooeller might concelvably experlence.

The summations over k indicated in equations (6)
to (11) affect only the factors involving sin ek and

cos BP. The several factors are, upon evaluation,

1(:-__._3 1=,
/ &in 8 / sin ek cos ek =0
k=
1f BE 3,
k=8 a
S siné g, = =
=T e Z -
If B=2o0r 1
k=2
; sin® 8, = E(l - CcOs 286, )
A k z 1
k=1
but the average over § 1is B/2.
<R
The nonvanishing factor j;' sin® 6, occurs only
k=1

in eguation {7) for the side lforceY and in equation (10) .

for the nitching moment WM. The other hypothetical forces

and momente that michkt be vroduced by yaw are, accordingly
o’ L
.. 2€eY0. -
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"hen the relstion

k=3

: sin2 ek =

/
P A—

k=1

s

is used, equations (7) and (10) become in nondimensional

form
(3,000 L o
P/o.75R Yx, L

f(a)w - f ( ) -JA'+-FF My B'%f;de (19)

ZMC=E<) /‘ff(ahj/ - f (a) Jf"*—}-é M D'Jl,xxdx (20)
8 f\rbq L j

For simpliclty the following additional abbreviations

are introduced:
b
c!:B(—-’f)—)
0.75R

1 :
/ wh' dx
X

(o)

-

2=

at =

™ (21)

1 : y
d/ﬂ p(=B')x dx 4
x

o)

o
H
2+

-

. L
U/ﬂ g,'X dx>
X0
1

cr = } U/ﬂ ;L(-D')x2 dx
J

X
0

Q
1"
2

2!

where the signs have been chosen to make a', b', c!,
and d' positive gquantitles.
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Solution for Y, and Mc for single-rotating

propellers.- With the preceding substitutions, equations
(19) and (20) become
o' F Yo 16
e - — - = M |
Y, 5 .1:;(a)w fl(a) - at - Mob (22)
— v
= 1o ; ol o 2 16 g
2MC =5 fla)vy | fl(a) =1 C - Mqd

These are simultaneous linear algebraic equations
in ¥, &and M,. The solution for Y, 1is, after

17

simplification,

f('a)gt (a! - _E_QLE_'__)
T 1 + otd!
T T gY f,(a)
¢ 1+ o 2L gt - O'ble! |
8 1+ o'd!
which may be written in the form
T . ~f(a) otat ...
Y, =zv - (23)
c & a! N f1(a) ora 5
! - A'
where i
_ 0O'b'e! .
At = 1 + o'd! (2l

Numerical evaluation shows that the denominator of equa-
tion (23) does not differ greatly from unity; therefore,
YC is roughly provortional to a'.

Similarly, the solution for M, is

M = f(a) ore!

v

=

[? + Ot fl(a) aiJ (1 + o'd') - o'afl(a) be!



21

which may be put in the form

o fla) m
Ve = g¥ fola) (25)
14 Lg““ a'(a'! - A")

where
o'c!

m = (26)
2(1 + ¢orda")

The eWat've ragnitudes of the quantities are such that
M is roaghly nroportional to c'.

'Solut’on for Yﬂ anl W¥_ for dual-rotating pro-
s

i)

rotabwng gwoooile S. wWith dual-rotating propellers the
asymietry of the dislk loading, which for a single-
rotating nropeller »nroduces the pitching moment due to
yew, i¢ onpositely dirposed over the front and rear sec-
tion<, The re ultanf over- all disk loading, therefore,
isg almost qymwcfr: al end gives rise to a negligible

9

pitehing oment - that is,
M, = 0 - (27)

The induction effects associated with the resvpective
disk-loading asymmetries of the front and rear propeller
secticns very nearly cancel even though there is a firite
senaration between the two sections. This fact, which
nay be regarded os a consequence of the relation (27),

i1s represcnted by putting ¥, =0 in equation (22).

The result.is

f(a) ora’
1 (&
= fl(a) c'a!'

)

>
o2
S’

his equation differs from equation (23), which
gingle rotation, in that unity replaces the
: o

T

a &

larcer guantity o in the denominator. The
-f
0

a' - A'
orce coetfficlent V, 1is therefore larger in the
f dual rotaticn. Witn data for conventional
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propellers, the increase averages about 18 percent and
reaches 32 percent at low blade angles.

The increase in side force 1s due to the lack in the
dual-rotating nropeller of the asymmetric distribution
of inflow velocity across the disk which, for the single-
rotating propeller, is induced by the asymmetric disk

loading. The Inflow asymmetry is so disposed as to reduce
the change in angle of attack due to yaw on all blade
elements. The behavior is analogous to that of downwash

in reducing the effective angle of attack of a finite
wing.

The inflow asymmetry is not the only effect analogous
to downwash in wing theory: the sidewash orf the inflow is
another such effect and serves to reduce the side force
8till further. Sidewash 1s, however, common to single-
and dual-rotating propellers and affects both in the same
way. £n examination of the steps in the derivation shows

that the term % fl(a) o'a' in the denominator, the

8

absence of which would increase the wvalue of Yc’ is due
to the sidewash.

Equations {23) to (28) give the stability derivatives
of single- and dual-rotating propellers with respect to
vaw, but the results are not yet in final form. There
remain the evaluation of a', b!', ¢!, end d' and the
introduction of a factor to account for the effect of a
spinner and annther factor to correct for the assumption
of uniform loading of the side lorce over the propeller
disk,

Explicit revnresentation of at', b', c¢', and 4'.-
Equations (21) show a', b!', c', and d' to be integrals
involving the functions A', B', C', and D', respectively,
which are defined in equations (b) in conjunction with
equations (1) and (2). The quantities A', 3', C', and
D' are,upon evsaluation,

At = c, sin @ + c, cos o] (29)

(sin # + csc P)

Bt =_-ic



N
1
e

L= 1t

¢t = ¢, cos @ - c, (sin@ - 2 csec @)
f LCL 1A
2
cos
DY = -/; - ;ﬁ - ¢, cos @
ly sin 2

if terms in the coefficient of profile drag ca are

¢
neglected as being small in comparison with the terms
in cy The neglect of Cq is valid only for values
of @ not toc near 0° or 90°.

/

From flgure 1, B, = 7 + a. Then, for a in the
unstalled rangs,

sin 8, = sin ¥ cos a + sin a cos @

= sinZ + a cos 3

[

g c, sin@ + ¢, a cos ¢
. o~ % 1
. a a

1]

c, sin @ + c, cos o]
a

the right-~hand member of which is just A' 1in equation (29)
This relation nrovides the important-result that, although
both @ and cy denend on the inflow, the slipstream

rotation, and the value of V/nD, the function A' 1is
independent of these quantities and depends solely on the
geometrical blade angle Bo' This relationship leads
directly to the interpretation, to be established presently,
that the effective fin area of a.propeller is essgsentially
the projected sice area.

The introduction of (3 does not succeed in similarly’
eliminating 2 and ¢, from B', C', and D' but does
result in a simplification in E!' and C'. The summarized
results are, to the first order in a, with D' 1left
unchanged:
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AY = ¢ sin BO

Bt = ~{c, cos ﬁo - cZ cse %)
‘a

cos B, + 20, osc 7]
. 2 :

D' = —(c cos” g c, cos ¢
\ Zq sin ,@f L

The integrals (21), in which A', B', ¢', ané D!

Q
1l
Q

]

ocecur, must ncw be evaluated. Upon substitution,
c, 1
. - _a . . A =
%0
. , :
l, ot 1 At
— eme— 2] —— ~ 4
bl o= — U/ﬂ px cos Bydx - TTL/ﬂ wxe, csc 2 ax
o _ Xq |
_ ¢ 2 /. o
et = *;‘d/ﬁ gx cos @ dx + Fu/ﬁ pxe ose A ax
XO XO
c 1 c 1 '
1 2 2 l -
o X< cos< .
ar = —Fﬂu/f Saaeiact: ,ﬂ dx - —~Qd/n pxea cos @ dx
cin 4 m '
0 %o . _ J_
where
’ N .
{t-"'"-b -
0.75R

and b 1s the hlade width. -

Evalustion of  a!', h', and c¢'.- The integral a!

is already in its simplest form in equations (30), as is
the first integral of b', which is identical with the
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first integral of ¢!, If the first integral of D!
is defined as bl’
~
b' = b1 - b2. .
( (21)
¢! = Db, + 2b,
-~ < -
whe re
e, 1 )
b, = “;Qu/ﬂ px cos B dx
X, \
: / (32)
1 b
b2 = Fu/p uxc, csc @ dx
%o »

In the attempt to evaluate b2 it was found that,

if the blade section coefficient of nrofile drag and the
rotetion of the slipstream are neglected, the thrust
coefficient 1is

- T
Cc ‘WZDa

1 +a) ro!
J/ ( ) pxe, osc g ax

3

where

If an average value of 1 + a over the disk is used,
1 + a cen be taken from under the integral sign, end

J L,

e (1 + a)

But, by the simple momentum theory,

7 T, = all+ a)
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Therefore,

A graph of the variation of 2a/m with T, is given in
figure 6.

Apnroximate evaluation of d'.- The contributicn of
c 1 i 1
1 2 C.L .
—_— a » cos g Q )
at = — X ax ~ —= UX< a cos dx
™ / H sin /‘25 ki / o ¢
XO XQ.
to Y, is small, It is found, by using the largest

value which a may have without causing stalling of
the blades (about 1/l radian), that the second integral
can be neglected, with the result that

1 2
qr = —= %2 E?E—Jz dax
™ Ve sin

Note that @& involves the inflow velocity and the slip-
stream rotationsl velocity. These velocities, 1f assumed
to ba constant cver the propeller disk, may easily be
related to T and &,., respectively, from momentum

c c

consliderations.

Curves of d4' have been computed for a typical plan form
(Haniltorn-Standsrd prooeller 3155-6) and are presented
in figure 7. This chart makes use of an altered notation
introduced later in the report; ths ordinate is the
Jquantity
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el

The ebscissa is V/nD. The error in computed side force
due to using this chart for vlan forms other than the
Fanilton-Standard 2155-6 shonld be negligible. The
chart is not =sufficiently accurate, however, for precise
computation of the pitching moment due to yaw.

Correction for nonuniform distribution of side force.-
The induced sidewash angle ¢' as calculated in the
foregoing is based on the assumptions that the thrust
and the side force are each uniformly distributed over
the nroneller disk. The error in effective average
sidewash due to the assumption of uniform thrust dis-
tribution can be shown to be small; the error due to
the assumption of uniform side-force distribution is
appreciable. The effect of this error on the computed
side force 1s small, but not negligible.

The side force is sactually distributed over the
propeller disk nearly as the nroduct of the integrand
of the most important term Iin the side-force expression a'
and =sin“ 0, The integrand of a' 1is provortional to the
blade width times the sine of the blade angle, which
tends to be greatest toward the blade roots due to the
twist, and sin 8 has maximumsat 6 = 90° and 270°.
The side force 1s therefore concentrated near the blade
rocts and along the Z-axis. In calculating an effective
average of the part of €' due to the side force, this
distribution of the side force is taken into account by
using in egfect the integrand of a', which is 4 sin j,
times sin“= @ as a weight lactor. The detailed treat-
ment is given in anvendix A. There 1s obtained for the
effective average of the induced sidewash angle

2 N B
_ = (v + kﬁc)
t = - (23)
€ ) 1 v
(1 + a) 1 +

(1 + 28)°

where

. 2
SosS1n Pa)”
(t" BQ.L dx
X X

o)

k. = —
1 1 2
U/ﬂ p osin fydx -

%o

(3L)
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is a correctinon factor derived in annendix A. If e
ia inserted for €' in the analysis for side force and
pitching moment, the corrected forms of eguetions (23)
and (25) are, respectively,

vy = Iy f(a)o'a!
c 8 a! .
P T ¢ O'|a|
a' - L\! a
ud f(a) m

M

1

!

c 8 1 + ko' (a' - A')

where the abbreviation

—- fl(a) kl
%o T T
/" z
. . 1 !.
L Yx, e s;n 7 ax
= f(2): (35)
1 2
g u/p @ sin [dx
X0
has been used. The factor ka may be called the side-

wash factor.

Correction for augmentive.  effect of spinner.- If the
spinner-nacelle or sninner-fuselage combination has a
fairly large fineness ratio, the circumferential componsent
of the side wind is speeded up in passing around the blade
shanks (fig. 8) by approximately the factor

~

2
X
S
1 + X (Li)

whers
spinner radius
Xs
R
K constant (1 for fineness ratio w; 0.90 for fine-

ness ratio 6)
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N
No)

This local increase in side wind is equivalent to an in-
crease in the angls of yaw ¥ in thie same ratlo. Thus
at racius =xR" the effective angle is
| AN
H A ]+'{' !
| X} . ]
Ve (x) =¥ ‘A3 :
The effective average yaw over the disk VY, 1s obtalned

tiv
from the nonsideration that 4Y is nearly proportional
to the integrand u

tovroximately, thers

o

n B8 of the dominant term at,.

<
(¢
I H
?‘ ~
& <
N \
,_l
T YlJ“T
m .
e +
;j <4
Q—)c) /"\
b
Y NS
1A}
=
0
}_Jq
=
,5@
jo)
5

1
e Xg 2
m / =) o sin pgax
\+ - v 7 Xx" “
o) o) .
— = 1% (26)
W /ql -
y, ¢ osin  dx
X

Aocorﬂin”-to this result, if the provcller is
equiored with a sninner, the oreV1oasWy given expressions
for side force and nitching moment should be maltiplied
by the constant k_, which may be termed the "spinner
factor.? The value of %k is of tle order of 1.1l and
varies slightly with blade angle.

Tew definitions.- Tt is worth while to introduce
certein new definitlions 2t this nolnt to jut the final
equations in better form. The original definitions were
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chosen solely with a view toward clarity in presenting
the derivation, The princinal change i3 the replacement

of
\
o' =B (%)
C.75R

which is vronortional to the solidity at O0.75R, by the
actual solidity at 9.75R

= — o
A
| .
4B (b
== (3 (37)
3 (?)o.753 4
This change entails replacing all tre integrals occurring
in the equation by 27/l times the iormer values. Thus
a' 1ig revlaced by Il, bl by 12, a' by I%, eand A' by 4,
where
T %} 8!
X
I, =%D
Z L1
A7
I, = 4 g
> b
T
A:_/..Al
Ly

» In sddition, the following definitions are intro-
duced:

v
o1 = —
v qsg

- - X
T Yo
_ 30y

C' = ”

oW

e
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Q2

m qDS !

<
=2
T T C
ol
0,1 = =
nlw oV
where the nroeesller disk ares
s = T2

The symbols C,' and Cu' have been so chosen in rela-

tion to the conventionel side-force and »itching-moment
coefficients of an alrelane Cy and Cp,, that con-
| ¥
o Y 4
ver

sion is obtained through the relations
7 ¢
C = QZZQQ
=7 o
..-,\y q,:_)
S1
= ot
< AR
[\ 2 V
Nop A0
n = SLOV
\JM e
;u\b \;(:S
S' D
= — = .
S ¢ My
where S 18 the wing ares and ¢ 1s the wing refer-
ence chkord, Hote thet in all the foregoing ¥ is
measured in radisans.

Correction of side force for comrressibility.- I
is sghovn u aonendix R that & frst-order correction for
comarecsinility 1s obtained by dividing the side force
by /i - M7, where g 1s related to the streem Yach
nurmber M and V/nD by the curve of figure 9.  The
correction valid only Dbelow the critical Mach number

for the oro
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Summarized effects of vaw.- With the new definitions,
the gide-~force derivativs for a single-rotating propeller
is

M

o v = 3V /3y
Yy qs!
ksf(a) oI, .
= I — (Z20)
—d bk ooT
T - A a1
_l [AN

and the side-force derivative for a dual-rotating pro-
reller is

o 1 = LU
RV} qS!
- N T 7
1+ LN 0*1
Por a single-rotating nropeller the ovitching-moment
deriveative is

nr = QMAVY
8 ‘!} QDS t
¥, f{a) m

- 8
1+ %0 (I, -a) (ho)

and for a dusl-rotating propeller the pitching-moment
derivative is negligibly smell.

The side-force derivative may be corrected for com-
rressibility by dividing by vﬁ - Mez. Tle same cor-
rection may be apnlied to the pitching-roment derivative
but with less accuracy.
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The quantities involved are:

Spinner factor

.
”
H
—
+
\N
[ORN
S

0
Sicdewash factor
al
42 sinf B, dx
i1y X
1 = ¥ { o) 0 { [
La o /n’- N o (35)
-+ st
3 4 osin B. dx
, 170
\{x
o]
where
201+ 2s)©
£ (a) = ————
-~
1+ (1 + c."ot)'_
inflow factor e e
/ T,
7 Y o
/To+ & -]
v/ C e A
a8 =
z
g-Tactor
B 1
( . 2j
fla) = (1 + &) {(1 + 2a) + {1 + 22)7; \
Ly = - N (1)
L+ (1 4+ 2a)
Solidity at 2.75R%
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1
= ~;— ) ohi] v }
I, =1 ¢y f 4 sin B dx (41)
a‘/
X5
.
z AT :
I =+2c¢ 4, ¢ns BN X GXx b2
2 L Za : o) ( )
X0
7 ‘ a sin ¢
e
0
2a ( o 28
T - J&= J=E
_ (6”2 Jﬂ) ‘012 + ETW)
A= (k)
co(l + oI.)
2
012 + aJ%?
m = (4s)
2(1 + OIB)

and in equation (%6), for a nzcelle fineness ratio of 6,
1

Kz~ 0.90 and, for & nacelle finenegs ratio of & ¥ = 1,00,

The charts of figures 6, 7, 10, and 11 are provided
for determining 2a/m, I,, f(&), and f,{a), respectively.

Required accuracy of k., k and A.- To the degree

2R
in which comoparison with existing experiments establishes
the accursacy of the side-force formulas - about 110 per-
cent average error - 1t is sufficiently accurate to use
the mean values C.L for k, and, for the usual-size spinner
(xg = 0.16), 1.1l for g To the same accuracy, the
terms in J nray be omitted from 4, and I may be set

that

equal to the average value 3, with the resul

2
i

A S <S—

1 + 3¢
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M
\J1

Availaebility of charts of side-teorce derivative.
In reference 13 1s nresented an extensive series ol charts
commuted from eauations {3l) to (i) for two conventional
pronellers. The derivative QV' is given as & function
W
of Vv/nD for blede angles ranging from 15° to £0° and
for sgolidities from two blades to six Llauew, with single

rotaticn and dusl rotation. Tn reference 1 is presented
a method of extranolation whereby this set of charts may
be ussd for determining o' for all conventional pro-

L \l,

pellers without resort to the original eguctions (35) to

(Ll .

Pitehing-moment de stive.- 3y numeric
cf =gquation (HD} e n?thqing morent of a mim;le rotﬂtln
propeller in yaw is Tound to be of the order
nroduced hy a force eq
end of a lever arm =gus
moement is swell end |
craft stanility studd
couniing betwsen yaw

,;-5

The Ausl-roteting
moment.
Propeller Subject to inguiar Yelecelty of Pltch
Fatio ave/va for ansular veloclity of »n'itch.- The
angulcr velocity of nitcn meakes no direct contribution to
the rotational velocity in the nlane of the proneller
It is known from Glsuert's work (reference 2),

disk Ve.
however, th
a 0“tchlﬂg
that &l fc"lt
The change
part of the
is obteined

g sin @ h
’.:I-— - - { 5 . d f_‘ \ q) _"Q ( 11I 6 )
Vg 1+ 2) - W

where
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Ratio av,/v, for anguler velocity of pitch.- The

direct increment, dus to pitching, in the axial veloclty
Vg is gr sin §. I

The induced increment due to the afore-mentiored
pitching moment s, by equation (168),

3 16m
Ty 16M,x

—~ sin 9
(1 + a)c 7

The total increment d?s 15 the sum of the direct and
the induced increments. Therefore

dv, o1 16M.x
8= H0E 1 g T2, 0 1 (47)
Vg (1 + a) 2V T

Expressions for Ve and ¥y~ Upor introducing the

the equations that result here

equations (ub) and (L7),
(19) and (20) for the propeller in

in place of equations
vaw are:

l,(’ - v T r . 161 i ’W '\
31 /b ol oM x
Yc—‘--)--(-) /J -f(a)-—ii},'+{’(l+a\ -(-1-12:)&4- S B' > pdx
2 L \p 71 n .2y no
0.75Rd, L - L -
o |
- v
2M, = — ~|{— [ o= (a) =~ iCt+|(l+a) =4—"—| D'/ uxdx
¢ 2L\p/ [ v | Lo LA '
UG.T5R) - L ‘ <)
JLO [\ )

Solution for Y., eand M,.- 3By using the abbrevia-

tions of eguations (21), eguations (L3) become

=
Q




L2y

( - §
7ol - - 16w |
2w, = Ty -f () Lot - [(1 4 a) By ejars
(& L TT 2*\] s
which are simultaneous lineszr algebraic equations in T,
and  ¥M,. The solution for VY, and ¥, Is, after

28
' m oy © W
Y = - -q—g 11+ a) - —
c 2y c | fila) ( ol )
1+ — o - (1 + 0T,
& 1 1 3
(&)
1.
+ ,
- g 99 f1(a)
o= - 42 (; y 73\ 1+ Iz g
e T T T £, ()
1+ == o(1, - a)
g 1
Side-force derivative Oy and gitching-moment

derivative Cm!q’" Side-force and vitching-moment de-

rivatives may he defined as follows:

m

q
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gD\
oM é(i~
c' = = 2‘:"7)
My T P L 2na
q 5 veDS!
(A
8 o‘l f(a)
1 + o8 1 + olx - T oA
2 f].(a)
1 + g O(Il A)
where
2
_ mDh
S' - T

Rougk aporoximations may be obteainsd by omitting the
induction terms - that is, the terms due to sidewash and

to inflow asymmetry. rphere result

C,' % - (1 + &) 0T, (L9)
¥ g
o
C.t' = - (1 + a) —2
a1 q 2

vaw with angular velogzity of
To the same rough

Somperison of tnzle of
oitch to nroduce same side force.-
approximation as eguation {L%),

0,' = f(a) k0l
<t ‘l’ -
The ratio of ¥ to qD/2Y to produce the same side
force i3 trhersiore

e
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Cy !
. A
aD/2V C,,!
Yy
~ (L +a) T
fla) k I1
o
n —e— (50)

This ratio is of the order of unity.

btainable side force due to pitching.- The
orce coefficient due to pitching occurs,
for o given blade-angzle setting, when ¢D/2V 1is a
mexirum.  Faximum qD/2V in unstalled flight is de-
termined by the maximum normal acceleration that the air-

plane can develop, which is determined by the maximum 1ift

coefficiant. The normal acceleration is
a,. = qV

n

from which

a,.D
iD= I (51)
d‘T 2VTC
£t 2 given sneed the maximum normal acceleration a,

- niax
could be realized at the top of sn inside loop. The
relation is

W . o .
7 @n = Downward 1ift + Welght

max



1,0

or

ap ;‘\ CTJ 1
TRL =(——F =) g (52)

v2 2w/s ve

2 :
The value of a, /J“ is greatest when V 1is least.
max

Tf the discussion i's limited for the oresent to the
minimum speed for level flight Vqtall’

c
P Lmax - L
2w/s

>
Vstall

From eguation (52),

a ~
Dmax _  2¢

2 B 2
v Vstall

and therefore, from equetion (51),

8.
- = 5
2 max  Verann

A& practical upper limit to (qD/zv)Inax at the

stalling specd would be afforded by a hyﬁothetical fighter air-
plans having the following characteristics:

vstall = 75 mph
= 110 fps
D =12 ft
Then (QE)‘" - 2.2 x 12
2V/mex  (110)2

= 0.032



By equation (50) the angle of yaw, in radians, that would
provide the same side force 1s approximately

\}/ e .._.._.—12 9.:..]?.

If a minimum blade angle of 15° at stalling speed is

assums G, the ratio Ig/ksIl is 1.1%3 for the representative
[ A

Bamilton Standard : T 3155-6. Therefore, (gD/2V)

e
max
would be eguivalent in producing side force to an angle

of yaw

The resulting side force would be guite small.

eny times the nreceding velue of (qu/ﬁv)qu is
- max

obtainable during the spin, which involves wing stailing.
If the spin is excluded from consideration, therefore,
the general conclusion to be drawn from the example
is t’at even in an extreme manewver the side force due
to rate of wnitening is very small s&aad in all ordinary
maneuvers this side force 1z negligible.

Taximam obtalinable »itching moment due to pitching.-
The preceding data, when acplisd to the pitching moment

A

due to nitching, indicate that the mazimum obtainable
pitching moment is of the order of the product of the
propeller di“me+€r nd the marzimom obtainable side forane
due to nitching. The general conclusicon about the side
force implLes that the nlu”h*nm moment due to pltching
is small sven in an extremo ransuver, with the sxception
of the spin, and in 2l ordinary manszuvers is negligible.

o

Forces due to angular velocity of yaw.- Angular
velocities of yaw attain magnitudes of the same order as
angular velocities of »nitch. The forces
due to yawing are, like those due to »nitchi
except in the soin.

» a propeller
no, negligible



L2

PHYST

«Q

AT, TNTERPRETATION OF PROPELLER IN YAW

Concent of projected side area.- The area projected

by 2 propeller blade on a nlane through the axis of ro-
tation and the axis of the blade is
AR
/ b =in B4 dr
Vp
0
The averaze area nrojected by all the blades of a rotating
propeller on any plene through the axis of rotation is
the projected side area

S, = = "y in B3, 4dr
D > U S1T o
r :

where B 1is the number of blades. From this relation,
it can be established that the prcduct oI may be ex~

1
pressed as
St :
D
OIl = CZ» 'é"‘" (5'))
a 4 i
e, ; . g
where S! = -——— 1s the proneller disk area. Thus 07T

L L’
which figures so prominently in the expressions for the
side-force derivative (' , 1s proportional to the

AN ,‘b,
projected side areca of the propeller. Ir. reference 1%,
Iy is termed the "side-area index."

Effective fin area and aspect ratlo.- Inasmuch as

D2/S_ is the aspect ratio A of the projected side
area 8,, 1t 1is also true that

~
o

(54)

cZOL
I, = —=
91 21

L2 fee

Substitution of equation (53) in the numerator and equa-
tion (5);) in the denominator of equation (39) gives for
a dual~-rotating proneller



c N
OV /3 1 ba
o8 c ,
3 A
| fle) a8, 1+ k, (—2 8
EA i A
\ (55)
5 . >
by.z.{_é_‘:!.!__., ~k ....._39__.
S s ~ S
fta) g Sp 1 +_§
A
.

For comparison, the corresponding expresslon for an
actuegl firn of ihe sume area and asoect ratio, at which
the leocal dynamic »Hressure 1s f(a)q,is

s¥/ou . ‘o (56)
' A

when the lifting-line form of aspect-ratio correction is
used. By omitting ks, which merely accounts for the
favoranle interference bdetween splnner and onropeller,
equation (55) can be written in the form of equation (55)
by introducing an eifective aspect ratio

A = .._.-_...f‘
€ c
Lk, —Lla
& ETT
. 2
==
%

It follows that a dusl-rotating propeller in yaw
acts like a fin of which the area is the projected side
area of the provneller, the effective aspect ratio is



Ly

approximately two-thirds the side-area aspect ratio, and
the local dynamic pressure 1s f(a) times the free-

stream value. A single-rotating »ropeller may be shown
to act similarly, but the effective 2spect ratio is mark-
edly less and 1s not so simply expressed. A mesn sffec-

tive aspect ratio for both singlie- and dual-rotating
propellers is about 8.

Effective dynamic pressure.- By the definition of

a, the expression V(1 + a) is the axial wind velocity
at the propeller disk. fccordingly, (1 + a)cq 1is the
dynamic pressure at the proneller disk. The pressure

(1 + a)2q is only slightly greater than f(a)g, the

effective d3namlc pressure of equation (56). Thus the
equivalent fin described in the vreceding paragraph may
with small error be regarded as situated in the inflow
at the propeller disk and subject to the corresponding

augmented dynamic pressure.

Comparison of side force of single- and dual -rotating
propellers.- It has been pointed out in the discussion
accompanying the derivation of Yy and M, for dual-
rotating oropellers in yaw that the dual-rotating pro-
peller averages 1G percent more side force than the single-
rotating Qropeller and that the increase reaches 32 per-
cent at Jlow blade angles. ‘The detailed explanation is
given in the same discussicon. In brief, dual rotation
eliminates certain induction effects essociated with single-
rotation; the dual-rotating proveller acts as if it hss
a considerably higher asoect ratio and therefore develops
more side force for the same solidity.

Magni tude of pitching moment.- It has been shown
that yew gives rise to zero pltchlng moment for a dual-
rotating nroneller and to a finite pitching moment, given
by equation (LO), for & single-rotating propeller. The
numerical evaluation of equatlon (40) for typical cases
shows that the »nitching moment is of the order of the
moment produced by a force equal to the side force, acting
at the end of a lever arm equal to the propeller radius.
This cross-counling between pitch and yaw is small, but
possibly not negligible.
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L5
PROPELLERS IN PITCH

The results for propellers in yaw may be applied
to propellers in pitch from considerations of symmetry.
The normal-force derivative of a propeller with respect
to pitch 1is egqual to the side-force derivative of the
same propeller with respect to yaw, and the yawling-
moment derivative of & propeller with respect to pitch
is egual to the negative of the pitching-moment derivative

of the same propeller with respect to yaw. These re-
lations are invalid when the propeller is in the upwash
or downwash of a wing. (see reference 13, p. 12.)

COMPARISON WITH EXPERIMENT

Exveriments of Bramwell, Relf, and Bryant.- The -
experiments o:f Sramwell, Rell, and Rryant in 1)l with a four-
blade model propeller in yaw (reference 15) are worth
noting becauvse the experimental arrangement was designed
specifically for the problem. The halsnce was arranged
to yaw with the propeller and to measure the side force
directly with respect to bhody axes. Tare readings were
inherently small in comparison with the forces being
measured. Tunnel speed was calibrated by comparison of
thrust curves for the same proveller in the wind tunnel
end on a whirling arm,

A calculated curve of CV’/W, which is the same as
CV\y for small values of V¥, 1is compared in figure 12
with the experimental values of reference 15. There is
included for further comparison the theoretical curve
calculated by Misztal (reference 9). The curve calcu-
lated from the formula of the present report appears to
give somewhat better agreement than that of Misztal but
the improvement is not conclusive, The »rincipal objec-~
tion to Wisztal's formula remains the labor of its appli-
cation rather than its defect in accuracy.

Exveriments of Lesley, %Worley, and Moy.- In the ex-
periments of Lesley, Vorley, and Moy reported in 13937
(reference 16), the nacclle was shielded from the
air stream, with the result that only forces on the
propeller bledes were communicated to the balances. A
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%-foot, two-blade propeller was used. Measurements were
made of six components of the air forces on the propeller.

calculated curves of CY'/W are compared with the

experimental values of reference 16 for ¥ = 10° in
figure 13, Note that the original data of reference 16
were presented therein with respect fo wind axes, and the
data have been converted to the body axes of this report
in the presentation of figure 13%.

Experiments of Runckel.- The most complete experi-

ments on yawed2 propellers - the only published experi-
nents on full-scale propellers -are those of Runckel (ref-
erence 17). Runckel tested single-rotating pronellers
of two, three, four, and six blades and a six-blade
dual-rotating propeller. Trhe dismeter was 10 feet. An
attempt was made to correct for the wind forces on the
rather large unshielded nacelle by subtracting the forces
and moments measured with zero yaw from the corresponding
forces and moments measured with yaw at the same value

of V/nD. O

calculated curves oﬂ-;"'T C"/U, including a spinner

correction, are compared #n figure 1l with the faired
experimental curves fromgeference 17 for 10° yaw. In
reference 17, as in refergince 16, the original data were
presented with respect tofgrind axes and the curves have
been converted to the bod¥t axes of this report in the
presentation of figure lli. In figure 15 the unpublished
experimental points for the single-rotating six-blade
propeller are presented for comparison with the faired
published curves as converted to body axes.

Accuracy.- I'rom these several comparisons of the
theory with experiment it appears that the average dis-
agreement is slightly less than t10 percent. This
accuracy is of the order of that obtainable by the vortex
theory for the uninclined propeller when the number of

"

“The propellers of reference 17 were actually tested in
pitch rather than in yaw but, inssmuch as pitch becomes
vaw upon a 90° rotation of the axes, this conversion was
mede to keep the Adlscussion consistent. In this con-
nection, a vertical force due to pitch has herein been
called a side {orce due to yaw.
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blades 1s tacitly assumed to be infinite by the omission
of the GnlAstein corrcctinsu for finite number of blades,
The same assumnticon is made in the present analysis,

CCONCILUETOINS

The foregoing analysis of propellers in yaw &nd
propellers subjected tc an angular veloclty of pitecn
permits the following conclusions:

1. A propeller in yaw acts like a fin of which the
aresa is tre nrojected zide area of the propeller, the
effective asmect ratio is of the order of 3, and the
effective dvnamic prescure Is roughly that &t the pro-
peller disk as augmented by the *anOW The variation
of the inflew velncitr, for a fixed-nitch propeller,
accounts Tor most of uhn var! abﬂon of silde force w1th
advance-dlameter ratio.

2. A du

al-rotatiing prepellcr develons up bo ons
third more gide f

&
force than & single-rotating hropcllbr.

3. A wawed single-rntating proneller experiences a
pitching moment as well as £ °1de force., The nitching
noment is of the order of t moment produced by & force
cqual to the side fo ce; aot:nq at the end of a lever
erm equal to the propeller radius. This cross-coupling
between pitch and yaw 1

I, Propeller forces due to an angular velociby cf
pitch or yvaw arec neglipgibly small for Lne angular ve-
ilocitles that mav be rcallzed in maneuvers, with the ez~
ception of thie snin.

Langley Memorial Aheronautical Lahoratory,
National Advisory Commlttee for Aeronaubtics,
Langlev Fileld, Va.

is small, but poszsibly nob negliglible,
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APPENDIX A

DERIVATION OF STDEWASH FACTOR X

]

Tf the assuwiption that the side foroe T unlformly
distributed over the propeller disk 1g sbandoned, 1t ig
necessary to nroceed differently bryoqd eguations (5) in
deriving V.. For the purpose cf obtalning an effective
average induced sidewash, it 1s mermiscitle to noglect

: av, :
the small term B! 771 in cquation (5), which gives
) o 1+ a)? C .
b(ch) = - - uA' ax (£-1)
L 0.75R Va

An egquivalent differential reletion for the time average
side force, divided by pV232, onn an element of disk
area X df dx may be substituted for the summation of
equation (7), as

2
° Yo 4y a8 = sa(ar,) ¢ €
7 dx = R&(AT aing =— fa
a:ée C 2’{* (A C.)
dvy | .
The fraction —-- has been shown to be glven by
v
a
av,
9
- = (¥ - €') sin B (13)
v
a
where €' 1s the local inducecd angle »I sidewaslhi at tiie
nropeller disk. Cowbining equsatinns (4-1), [4-2), and (1%},
using A' =c, sin f,, and ascuming that (1 + a)e is
‘a
constant cver the disk glves
~ ~
av cy g (1 + a)° sin® g il
-c UO
= L iy = €') u sin g_. dx { L=3Y
8 .
d8 B Vi
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from which

¢, o'(1 + a)° 1
— a .
Y., = g Y w sin B, 4x
X0
or pl
L ¢ sin® sin B, dx dg
- sin~ 6 i s o S
o Vx

An effective average value of ¢' 1is obtained by defining

}_I

c, o'l + a)e
Y, = (- ) uosin B, dx (a-L)
o} o]

O

from which the effective average angle of sidewasl 1s

i
Q
—~
HEd
i
wh
S

ITn this apnendix the Induced sidewash angle €' 1is
the locegl value at the disk element x &x 4@, not the
average value used in the main text; €t is composed of
one part due to the side force c(v and one part due to

the cross-wind component of the thrust €'T. The ef-
fective averages are designsted € and ?'T. Then

equations of the form of egquation (£-5) hold betwecen

Tt end « and between €' _ and ¢'_.
Y N4 ' i T
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The evaluation of ?'v follows: The product

<L

Vaeﬁv gin 6, herelnafter called ve s 1s a velocity

comoonent parallel to Ve but not necessarily in the

same sense. In order to evaluate ve for use in
v
equation (A-5), it is useful to define a guantity f
pes
such that —2 = x dx d6 1is the time average of the
X dx &
increment due to yaw of the nerinheral force on an c¢lerment
of disk area x dx dj. Making the simplifying assurp-

tion that the nerisherel force on an clement of the pre-
peller dicsk affects only the air flowing through that
element and egquating the peripheral force to the rate of
change ol peripheral romentum whizh this force produces
far bchind the o2roneller leads to the relation

é2f - ’Vr. ™ - ~
———x dx df = pV, r dr & 2v, + pV —< r dr dg) ;_.QVE‘B
x (}Xbe ‘ aV ,VG / VO Yoy
) NE . \U J./
(see derivation of equatinn (12)),0r
2
o f,
VB 2 .
A X _0x 068
‘Vr /‘: \ 2 . 2—.
\ VA Vs ) |
L 7
N
v 5 C~fc
7 - % 6% 06 .
V, = (A=-E)
a 2 1
(1 + a) (1 + :
2



where
- f
c - p)
pV2DL
~l
o
A Va = V(1 + &)
VS = V(1 + 29.)
An alternative form of equation (4-2) is
>, 3°f, .
A7, T —T*— =in @ x dx <8
® &x 06
or
2 )
V -
Ve . 81,
= T =in$
X 0% 089 X Ox 08
In equation (24-2) the fact that €', which devenis on
€, 1is small compared with ¥ allows fthe sporoximate
relation
OV,
55 ° k 3in- 8
where k& 1s a constant. Tntegration eztablishes the
value of % &as ¥, /m; thereiore
N P
(O8N V. sin< 6
de 0
oY, 2
- &8in
62YC X

51
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By equation (4&-l),

o¥, _ w_sin By
ox ¢ 1
‘/y, p osin B, dx
0
Therafore
2
édY,._ - 4 ogin B4 sin~ 6
0¥ 08 " 1 "
J/) wosin 3, dx
X,
A
o) fo sin 0 Y. u sin f, (2-7)
— o= A=
X dX 08 v 1

=

ﬁ/ posin By dx
Xq
Tquations (A-6) and (4-7) esteblish the value of
g, /Va, which can be substituted for e'v sin 8 4in
;/ J
equation (4A-5) as applied to <, in ol

This value is

vy '
v o 2 sin 8 Vo 4 8in 24
v, [ 1 1o 1
a (] + 8,\2 1 + —————-—-———-———-% X p o sin 23(\; ax
(1 + 2a)«| ./~
| v

Therefore, subctitution in (4-%5) as 2nnlied to ’€"V glves

211 41 _ L\ D
27, sin B (w sin Bo) dx 48
. _ Vo '*"Xo X
£ e (l+a)211+—---—.l !
! (1 + 28)°
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The integration with respect to 6 results in

2
(¢ sin B,)
> dx
<y X, x
—_ _ TC
e'v = = ; (A-8)
Y P 1 1 2
(1 + a) 1 4+ —— in g a
w sin X
(1 + 2a)2 ‘ o
. - X
2
The part of €' due to Y, in eguation (12), which
is based on the assumrtion of uniform distribution of
thrust and side force over the vnroweller disk, differs
from the expression for €', glven by equation (A=)
cnly in the absence of the factor
! 2
{g-sin Bg)
/ 82
'z X
Kk, = —2 (£-9)
1 1 o) A9 .
Jf 4 sin B, dx
*5
which is cgustion (3L). An analyeis for €' similar
— Y L
to that for ¢'v results in a value that does not
appreciably differ from the part of €' due to T, in
equation (12); that is,
2
- - 7 To v
€Em ~ 3 o
T 5 1
(L + a)” |1 + —————
(1 + 2a)2
L. -
Accordingly, the e¢ffective average induced zngle of side-
wash €, which equals e'7 + e'T, e glven by




5L,

vhich is equation (33). If €' is inserted for '
in equation (12), the factor £ (a)/8 in eguations (27)
. ' £y(a)
and (25) is replaoced by —— kl. This is the quantity
§

that has been called the sidewash factor I»
value of &k inserted,

s with the

&

1
1 )
2] oo
/ (¢ sin B2
b'e
X
. = e 0 -
ky = £y(a) l =, (35)
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APPENDIX B
CORRECTION FOR COMPEESSTIEILITY
The side-force derivative Gy ' is very nearly

Y
proportional to the integral

w
’_J .
oW
Q
™
—
[N

1)

= 2
I, =t

zq}q

e

Mo

To a first approximaticn the effect ol compressibility is

. ; 2
accounted for by renlacing ¢, by ¢ L= M 7, where
. 1./ X

MX is the rezultant speed of the blade section st =x

divided by the speed of sound in the fres stream. If
the subscript ¢ is used.to designate guantities corwvected
for comprecsibility effects,
z fx—] 1 Pl C'J
- 2D & 8in L, QX .
L=pe = (8-1)
C a | Jd
Yoz L -
. W
A mean effective ¥ach number ¥ defined by tiie reiation

]
|

C'\]‘ "
) Tl
C“\rl = _— (m-%
Sy Va 5 (B=%)
C - i~
Vi &

Equation (B-%2) constitvics the desired correction of the
side-force derivative for compressiuility cflscts.
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The determination of M, oroceeds as follows:

By equations (l11), (B-1), and (B-2),

1
JP 4, sin By4x
1 _ Yp0 A -2
— 1
A -2 4 .
e d/ pogin Bydx
O|2

For determining the ratlio. ME/M it 1s sulficiently

accurate to put

M 2
— 21 4 E (B-l)
A 2
. C
V1= Mg
and
] M 2
o~ X
=1 + - (B-5)

although avproximation (
final equation (3-3%). Th

/

ar €. : .

M.T 4 sin (B 4x
¢ p:d o
w2 = 0.2

e 1

/'I
©ouosin @B 4ds
Jo ) S By dx

By reference to figures 1 and 2, if inflow and rotation
are neglected,



[@AN
al

M(_.
sin? il

where
a speed of scund in free stresm
M free~-stream Macl: number
- _ ¥
J = —
nD
r
X o= =
R

The aprroxiratiors o = =2
likewise adecguate for ths nrese:

sin 7§ % -—=

equations (B-8) and (B-7) give

/ ’1"’;\ d
ni 2 // ‘\/3_ + /LTA‘:\ ax
Te “o.2 \J /
| =
\ i 9!
R A ax
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Toon integration
ST [T 5
V1+k2- &2%LU;+K2 1+ /1 + A5
AN 2 + loge NPT
° 0.2 + 0.0l + (8-9)

¥ - —
I§ 2 log, 1+ + AS

O-E: + \/O O/_]_ + }"

whers

>
"
Aley

v/nD
i

Egquation (B-Q) provides the desired rela
effective Mach number M, and th e
for use in equation \8-27 A gre of
Me/M with V/nD computed from equaticn (B-G),
in figure 9. Hote thet, in spite of the rapid rise of
M,/M with decreasing \i/’) for constant-spee
operation N decreaces.,

Tt may be noted that equations (3-L) and (B-%) are

paraoollc anﬂroAtrot ons to tre Glauert compressibility

factor //ﬁ - M. Touations (B-6) to (3-2) are,
however, independent of the constents of the parabolic
representacion. Thus the validity of thsse eguations
is not restricted to the casze of a variation of ¢
: Z'a
with Mach number thet follows tﬂ° Claunert relation;
the equations are vslid for ary varisticn that may be
approxzimated in the region of &.L@IQQU by a varabols,
such as

c, = (A + BM7) ¢
La Za
c

where A and 3 are constants.

The compressibility correcticn ceases to apnly at
Mach numbsrs above tne critical Mach number for the
propeller,
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NACA

- __.--Resulfont wind
A e af propeller incl/uding
4~7f L. inflow ond sidewash =,

~——-z=:Axfa/ velocity includ
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Figs. 3 4

All air velocities measvred
re/ative fo propeller hub.
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Y

Figure 3 - Vector relotions pertaining 7o the
sidewash of a propeller in yaw.

Figure .- Flow /nduced by the sidewise motron
of an infinite cylinder in a fluid /'m'tia//_y at
rest. ,
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NACA Figs. 5,8

Frgure S - FPerspective view of three-oimensiona/
graph of the essumed incremental infjow,

Figur€ 8.— Effect of spinner on rthe
component of the flow irn the plane of the

croceller Jdrsk,
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Propellor in yaw develops side forcs like that of e fin, Prussnt analysis shows that
fin snelogy may be extended to form of the side-force expression end that effecting fin
area may be taken es the projected aide eree of the propeller. Propeller forces due to
engular velocity may ectuelly be rsnlized in mancuvers, with exception of spin. Dual-
roteting propeller in yew develops up to one~-third more eide force than single-rotsting
propellere. Yewed single rotating propeller experiences pitching moment in additien to
gido force. Cross coupling between pitch and yaw is small but possibtly not negligitle.
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